Graphene monolayers can be used for atomically thin three-dimensional shell-shaped superscatterer designs. Due to the excitation of the first-order resonance of transverse magnetic (TM) graphene plasmons, the scattering cross section of the bare subwavelength dielectric particle is enhanced significantly by five orders of magnitude. The superscattering phenomenon can be intuitively understood and interpreted with Bohr model. Besides, based on the analysis of Bohr model, it is shown that contrary to the TM case, superscattering is hard to occur by exciting the resonance of transverse electric (TE) graphene plasmons due to their poor field confinements.
I. INTRODUCTION
With the concept of metamaterials and metasurfaces, subwavelength structures can demonstrate unusual electromagnetic properties [1, 2] , e.g. surface plasmons in coaxial metamaterial cables [3, 4] and graphene-based cloaks [5] [6] [7] . Specially, the scattering of subwavelength structures can be enhanced to realize superscatterers, which can magnify the scattering cross section of a given object remarkably [8] . Due to their potential applications in detection, spectroscopy, and photovoltaics [10] [11] [12] [13] [14] [15] [16] , various superscatterers with different shapes and types have been designed [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , and the concept of superscatterer has been extended to acoustics [31, 32] .
Superscatterer was first proposed in the framework of transformation optics, where both electric and magnetic anisotropic inhomogeneous materials were needed [8] . In order to loose the requirement, Ruan and Fan [23, 24] proposed a kind of subwavelength superscatterer by engineering an overlap of resonances of different plasmonic modes where they only use multilayered isotropic plasmonic structures. To extend their superscatterer into the deep-subwavelength scale, we put forward the idea of using graphene monolayer to realize cylindrical superscatterers with the advantage of active tunability [33] . Since graphene is a two dimensional carbon sheet with only one atom thick [34, 35] , this superscatterer can be treated as one kind of "surface superscatterers". However, in practical applications, three dimensional (3D) superscatterers are more promising since the objects to be superscattered are usually 3D. Different from the two dimensional (2D) cylindrical case, the parallel polarized and vertically polarized fields cannot been decoupled from the incident electromagnetic field in the 3D case. Thus, it is desirable to extend the notion of "superscattering by a surface" to the 3D case.
Furthermore, similarities between quantum physics * shishenglin@zju.edu.cn † hansomchen@zju.edu.cn and wave optics have been hot topics in recent decades [36, 37] . On one hand, optics provides a fertile ground to simulate some basic concepts in quantum mechanics and quantum field theory, such as PT symmetry [38] [39] [40] , supersymmetry [41, 42] , Anderson localization [43] , and quantum walks [44] . On the other hand, methods from quantum mechanics such as path integral method has been applied to study light propagation in inhomogeneous materials [45] , and ideas in solid state physics and atomic physics can be transferred to optics to design some practical devices, such as photonic crystals [46] and photonic lattices [47] . In Ref. [48] , Liu et. al. gave a geometric interpretation for resonances of plasmonic nanoparticles by applying the Bohr quantization condition in quantum mechanics to optics, which can explain directly the scattering features of plasmonic nanoparticles. Specially, we will use this method to interpret our superscattering phenomenon.
In this paper, we theoretically propose that atomically thin 3D shell-shaped superscatterers can be designed by graphene monolayers. The first-order resonance of transverse magnetic (TM) graphene plasmons is excited to enhance the scattering cross section of the bare subwavelength dielectric particle. Applying Bohr model to optics, the superscattering phenomenon can be intuitively understood and interpreted. Moreover, different from those for the TM case, we find that superscattering is hard to occur by exciting the resonance of transverse electric (TE) graphene plasmons due to their poor field confinements.
II. STRUCTURE AND MODEL
The structure of our spherical shell-shaped superscatterer is shown in Fig. 1 (a) , where a graphene monolayer is coated on the dielectric particle of radius R, and a xpolarized plane wave is incident from air onto the structure. The dielectric particle is the object to be superscattered. The incident electric field is E = E 0 e ik0zx with the time dependence of exp (−iωt), where k 0 = ω √ ε 0 µ 0 is the wave number in free space and ω is the angular frequency of the incident field. The relative permittivity of the dielectric particle is ε r , and the relative permeability is µ r = 1. This kind of structure can be realized experimentally by using wet transfer technique similar with fabrication of graphene/GaAs heterostructure [49] and graphene can be well grown by CVD reaction between CH 4 and H 2 on cooper substrate, which can be etched away using acid solution. The suspending graphene can be transferred to arbitrary substrate subsequently. Previously, we also have realized graphene surrounded ZnO nanowire structure, demonstrating the feasibility of graphene coated dielectric particle experimentally [50] .
Analytical Mie scattering theory is applied to solve this scattering problem [51, 52] . Different from the 2D case where TM and TE waves are defined according to the axis of the cylinder [33] , the electromagnetic fields in 3D case can be decomposed into TM and TE waves with respect to the radial directionr, namely H TM = ∇×(Φ TM r) and E TE = ∇ × (Φ TE r), where Φ TM is the electric potential and Φ TE is the magnetic potential. For the incident field, its corresponding electric potential Φ TM and magnetic potential Φ TE are
and
respectively, where a n = (−i) −n (2n + 1) /n (n + 1) is the expansion coefficient. Similarly, scalar potentials are
for the scattered electromagnetic field at r > R, and
for the electromagnetic field inside the dielectric particle (r ≤ R), where k = k 0 √ ε r µ r is the wavenumber in the dielectric particle, s
TM n , and b TE n are unknown expansion coefficients, ψ n (k 0 r) and ξ n (k 0 r) are the n-th order Riccati-Bessel function of the first kind and the third kind, respectively [53] . Meanwhile, η = µ 0 µ r /ε 0 ε r and η 0 = µ 0 /ε 0 are the impedances of the dielectric particle and free space, respectively. Since the thickness of graphene is extremely small compared with the radius of the spherical dielectric particle, the graphene coating can be well characterized as a two dimensional homogenized conducting film with surface conductivity σ g , where the non-spherical elements and microscopic details are neglected [35, 54, 55] . According to the continuity conditions at r = R, the scattering coefficient can be obtained as
where
, and σ g is the surface conductivity of graphene. We define the normalized scattering cross section (NSCS) as
which is normalized by λ 2 /2π. Note that when σ g = 0, it reduces to the case of scattering by a bare spherical dielectric particle.
The aforementioned scattering model is related to its equivalent one dimensional planar waveguide by Bohr model, where the structure of the planar waveguide is shown in Fig. 1 (b) . To support a resonance, Bohr condition requires that the phase accumulation along an enclosed optical path should be an integral number of 2π, namely
where n is the order of the resonance, β is the corresponding propagation constant in the equivalent planar waveguide, and the integral is calculated along the circumference of the sphere since graphene plasmons propagate as a surface wave along the graphene surface with evanescent fields in the perpendicular direction. Meanwhile, in order to get the NSCS of the superscatterer shown in Fig. 1 (a) from Mie scattering theory and the propagation constant of the equivalent planar waveguide shown in Fig. 1 (b) , the surface conductivity of graphene is calculated according to the Kubo formula
(12) is due to intraband contribution, and
is due to interband contribution [54, 56] . In the above formula, −e is the charge of an electron, = h/2π is the reduced Plank's constant, Γ is the phenomenological scattering rate that is assumed to be independent of the energy ε, f d (ε) = 1/ e (ε−µc)/kB T + 1 is the Fermi-Dirac distribution, k B is the Boltzmann's constant, T is the temperature, and µ c is the chemical potential which can be tuned by a gate voltage and/or chemical doping. In the following, we choose Γ = 0.11 meV and T = 300 K [54] .
III. RESULTS AND DISCUSSION
To demonstrate the superscattering phenomenon for subwavelength particles, we let ε r = 1.44, R = 0.24 µm, and µ c = 0.3 eV [54] . Under these parameters, Fig. 2 (a) schematically shows the dependence of the NSCS on the incident frequency f , where the graphene monolayer is considered to be lossless or lossy. When the optical loss of graphene is neglected with Γ = 0 meV, two sharp resonances occur at f = ω/2π = 4.7 THz and f = 8.5 THz, respectively. The corresponding NSCSs are close to their single channel limits 2n + 1 [23, 57] , where the resonances at f = 4.7 THz and f = 8.5 THz are dominated by the n = 1 and n = 2 scattering terms, respectively. When the optical loss is involved with Γ = 0 meV [58] [59] [60] , the NSCSs at both two resonances decrease from their corresponding single channel limits due to the damping effects of graphene plasmons. As shown in Fig. 2 (a) , the NSCS at the first order resonance (n = 1) decreases to 0.62, while the NSCS at the second order resonance (n = 2) decreases more sharply and is equal to zero approximately. This is because the second order resonance is more susceptible to the loss [23] . As shown in Fig. 2 (b), the normalized H θ field distribution exhibits a first order resonant mode at f = 4.7 THz. Since the chemical potential of graphene can be tuned by a gate voltage and/or chemical doping [54] , Fig. 2 (c) shows NSCSs for different frequencies at different values of chemical potential, where the decrease of peak NSCS at lower resonate frequencies is caused by the increasing optical loss of graphene [54] . The NSCS of the bare dielectric particle is in the order of 10 −6 , this indicates that coating with a properly doped and/or gated graphene monolayer can greatly enhance the scattering by five orders of magnitude at certain frequencies. Meanwhile, larger chemical potential leads to superscattering at higher frequency, which can be understood with Bohr model.
In the above frequency range, the surface conductivity of graphene has a positive imaginary part, which implies that TM graphene plasmons are supported with the components H θ , E φ , and E r [35, 54] . For the spherical shell-shaped superscatterer, the dispersion relation of TM graphene plasmons in the equivalent planar waveg- uide is
1/2 , and β is the propagation constant. Meanwhile, we define δ d = 1/k 1 and δ a = 1/k 2 as the penetration depths in the dielectric medium and air, respectively. Fig. 2 (d) shows the dispersion relations for µ c = 0.2 eV, 0.3 eV, and 0.4 eV, where the optical loss of graphene is neglected. The first order Bohr condition β = 1/R for superscattering is denoted by the dotted magenta curve. According to the Bohr model, superscattering occurs at the intersection points of dispersion relations and the Bohr condition, which exhibits blue shift when the chemical potential of graphene increases. For comparison, resonant frequencies for µ c = 0.2 eV, 0.3 eV, and 0.4 eV are calculated from Mie scattering theory and marked by three stars in the dotted magenta curve. Clearly, the stars exhibit blue shift similarly.
As shown in Fig. 2 (d) , star deviates from the intersection point at higher frequencies. In order to interpret this deviation, we first analyse a simple case. Fig. 3 (a) shows the dependence of the chemical potential µ super c on the relative permittivity of dielectric particle, where µ super c is the value of chemical potential when superscattering occurs. Once the radius of the sphere is fixed, the propagation constant β is determined by the Bohr condition. However, the increase of the relative permittivity ε r leads to the increase of propagation constant β, which further leads to the increase of the chemical potential to ensure the invariance of the propagation constant. Moreover, since the penetration depth of graphene plasmons in the dielectric medium δ d becomes large when ε r increases as shown in Fig. 3 (b) , the calculation of the path integral along the circumference of the sphere is not accurate any more [48] . This produces errors to the calculation of propagation constant β and chemical potential µ c . Actually, the growth rate of chemical potential slows down to match a shorter integration path. Although the radius of the sphere R is not related directly to the penetration depths of graphene plasmons, a small value of propagation constant β is required to support the resonance in a large sphere. This leads to the increase of chemical potential µ super c and penetration depths δ d and δ a , which can be seen clearly from Fig.  3 (c)-(d) . Since the penetration depth in the dielectric medium is larger than that in the air, the growth rate of chemical potential slows down to match a shorter integration path. Then we can use the same method to interpret the deviation in Fig. 2 (d) . The increase of incident frequency is equivalent to an increase of the radius, thus deviation between Mie scattering theory and Bohr condition becomes large at high frequencies.
From above analysis, we know that Bohr model provides an intuitive way to understand the superscattering of subwavelength particles and to design corresponding 3D superscatterers. For example, based on the Bohr model, we can predict the nonexistence of superscattering via the resonance of TE graphene plasmons. We let f = 100 THz, ε r = 1, and µ c = 0.2 eV, since TE graphene plasmons do not exist for ε r = 1.44. Under these parameters, the surface conductivity of graphene has a negative imaginary part, which implies that the TE graphene plasmons are supported with the components E θ , H φ , and H r [35, 54] . The dispersion relation of TE graphene plasmons in the equivalent planar waveguide is
where k 1 , k 2 , and β are the same as in Eq. (14) . According to Bohr condition, superscattering should occur at R = 1/k 0 = 3/2π µm, where we have replaced the propagation constant of TE graphene plasmons by the wave number in air since β ≈ k 0 as shown in Fig. 4 (a) . However, no superscattering occurs as shown in Fig. 4 (b). The reason is that no appropriate integration path can be used to match the Bohr condition due to poor field confinements of TE graphene plasmons.
IV. CONCLUSIONS
In conclusion, we demonstrate for the first time that graphene monolayers can be used for atomically thin spherical shell-shaped superscatterer designs. The firstorder resonance of TM graphene plasmons can be excited to enhance the scattering cross section of the bare subwavelength dielectric particle by five orders of magnitude. Scientifically, Bohr model is used to understand and interpret the superscattering phenomenon. Based on the analysis of Bohr model, we show that contrary to the TM case, superscattering is hard to occur by exciting the resonance of TE graphene plasmons due to their poor field confinements. Our work will provide theoretical guidance for the future experimental design of superscatterers and other graphene based devices, which have great potential applications in sub-wavelength plasmonics.
